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Energy in Elastic Fiber Embedded in Elastic Matrix

Containing Incident SH Wave

James H. Williams, Jr. and Raymond J. Nagem

Massachusetts Institute of Technology

Department of Mechanical Engineering

Cambridge, Massachusetts 02139

S UMMARY

A single elastic fiber embedded in an infinite elastic matrix is considered. An incident

plane SFI wave is assumed in the infinite matrix, and an expression is derived for the total

energy in the fiber due to the incident SH wave. A nondimensional form of the fiber energy

is plotted as a function of the nondimensional wavenumber of the SH wave. It is shown

that the fiber energy attahns maximum values at specific values of the wavenumber of the

incident wave. The results obtained hexe are interpreted in the context of phenomena

observed in acotmto-ultra.sonic experiments on fiber reinforced composite materials.
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INTRODUCTION

Quantitative ultrasonic nondestructive evaluation methods require analyses of wave

propagation in the material or structure which is to be evaluated. In fiber reinforced com-

posite materials, wave propagation characteristics depend on properlies and arrangem_ut

of the constituent materials, as well as on the overall geometry and both the microscopic

and macroscopic defect state of the composite.

Analyses of wave propagation in fiber reinforced composites are reviews.41 in i1] anti

'.2]. According to these reviews, wave propagal;ion analyses may be dlvided irLt_ two broad

categoriea. In the first category, the composite is tr_;ated as an equivalent homogeneous

medium, and mechanical responses such as stress and strain are described in terms of

averages over the constitutive elements. It has been stated that the homogeneous or

equivalent contir|uum approach is valid "when the scale of the changes in stress ]eve] (rlse

distance, wavelength, e_,c.) is much larger than the sizes of the constituents of t_e composite

(fiber or particle diameter, f_ber spacing, ply spacing, etc.) _ I1]. In the second category

of wave propagation ar_alyses, the composite is modeled as a heterogeneous mixture of

constituents, and the dynamic interaction between the constituent materials is considered.

The heterogeneous analyses are complex, but are necessary if the scale of changes in stress

level is smaller than or of the same order as the size of the composite constituents, or if

smaN-scale phenomena such as interface bond failure are of interest.

Recent acousto-u[truonic experiments by K_utz r3] show some interesting wave prop-

agation behavior m graphite fiber reinforced epoxy composite panels. Kautz introduces a

broadband signal into a composite pane], and observes that the response of the composite

appear_ to be divided into a high frequency component traveling at a relatively fast wave

speed and a low frequency component traveling at a re]at]rely low wave speed. When the

same broadband s_gna| is introduced into a geometrically simiMr panel consisting only of

the epoxy wa_rix, the response is observed to consist only of the low frequency component.

Kautz hypctheslzes that the compo,,i',e panel acts as a heterogeneous medium, with wave

propagation alo,g the fibers at the hlgher wave speed and wave propagation through the

matrix at the lower wave speed.

In this report, an infinite elastic matrix containing t_ single cylindrical elastic fiber

is considered. An incident plane SH wave is assumed to exist _n the elastic matrix, and



an expression is derived for the total energy of the fiber due to the incident SH wave.

It is shown that the total fiber energy attains maximum values at specific values of the

w_velength of the inci:lent wave. The purpose of this work is to investigate, in a simple

s_tting, the issue of energy transfer between the matrix and the fibers in a composite

material. Recommendations are given for future research which may give further insight

into the experimentally observed phenomena in i3].

ANAL. "SIS

A cylindrical fiber having circular cross section is shown in Fig. 1. Rectangular coordi-

nates (x, V, z) and cylir, drical cooidlnate. (r, P, z) axe defined as Shown in Fig. I. DLsplace-

ment _.uffi, ,_ _.¢_ u, are de_ned in the x, p and z directions, zespectively, and displacements

ur, u# and u_ are defined in the r, 0 and z direction_s, respectively. The fiber is assumed

to have radius _ and to be _f _nfinite _xtent in the z direction. The fiber is assumed to be

elastic, with mass den_ ty p/and L_m_ const_n_ #/and _jr. It is assumed that the fiber

is embe_.ded in an .;nflnite elastic .na_.ri_" with n_ deusi;y p an_] Lam_ constants/_ and

,_. Continuity of relevant str,.ss_ _ dislA_ce_c,.ts is '_ssumed at the materials interface

f "-a,

The infinite elastic matrix is aaeumed to contain _n i-Lc' tent harmonic plane wave of

the form

,,(,o(x, ::o

=o

(1)

(2)

(3)

where the superscript (i) denotes the incident wave, Wo is the amplitude of the incident

wave, k is the w'svenumber of the incident wave, _ is radlan frequency, _ is ti,_e and

j = V/'_ ". The wavenumber k and frequency o_ are related by

= c.k (4)

where

i_le -- (s)
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Eqns. (1), (2) and (3) define a wave which propagates in the positive z direction with

particle motion parallel to the fiber in the z direction, Such a wave, in this context, is

denoted as an SH wave.

Because of the cylindrical geometry of the fiber, it is convenient to write the in_.ident

SH wave in the cylindrical coordinates (r, 8, z) as [4]

._')(.,0,., 0 =o {6)

._'II_,0.:,0 -o (7)

._')(r,0,.,0 = Re wo _ e.j"J.(k,)cosnSe -_' (S)
n_O

where Jn is a Bessel function of the first kind and of order n, and where

1, n=0en- 2, n=I,2,... (9)

Itisshown in [41that.eqns,(l)through (3)and eqns.(6)through (8)are ma_hematically

identicalrepresentationsof the same incidentwave.

The interfaceconditionsat • = G and the three-dimensionalequationsof elasticity

which govern the infinitemedium and the fiberare satisfiedby the totaldisplacementfield

[4]

..(.,e,z,t)=o -I (1o)

u,{r.e,z.0= o _ r > a (xl),,.(,-,e,z.t)= .<.'._(,',o,_,0 +-,,_')(,.,o,.,t) (z2)

wh_'e

_.(•,e,z,t)=o

u,(,.e,z,t)= o

".(",_,',0= ,,_/_(.,e,.,t)
(_3)

, r _< a (14)

{is)

{" 1.i'_(.,e,.,,)= R_ _o_ A.H.c')(_r)cos-O.-_'
nsmO

{" }._l)(r,O,.,0= a, -.o_ c.3.(kj.)co,,e,-__'
nmU

4

(17)
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A. -- (-J",./a)l.#1S.(ko).Z(k_) - uka,_(k_),,'.C_s_)] Os)

kt = L-'k C21)
eel

= (22)

The quantities A. _d C'., am dimensionless complex coefficients, H'.(U is a Hankel function

of the first kind and of order n, and the prime denotes the derivative of a function with

respect to its _rgument.

Eqn. (16) represents a scattered wave which propagates outward from the fiber. As

v _ 00, the amplitude of the scattered wave appro_hes zero, so that far from the fiber

the total displacement field approaches the displacement field of the incident SH wave.

Eqn. (17) represents a refracted or transmitted wa_e in the fiber. Eqn. (17) is a

standing wave with time-harmonic particle motion in the z direction. Over an}, fiber cross

section z = constant, the fiber displacement in the z direction varies a_ a function of r and

0 according t_ eqn. (17).

The nonzero fiber strains associated with the displacements given by eqns. (13) through

(15) are

10u(, 1)
"ye,= -_ (_3)

r O0

8u_ I)

"_"= 0"7 (2_)

and the nonzero stressesinthe fiberare

i Ou(fI)

oe. = ut _- aT (25)

Ou (_t)

The elmtic strain energy Ul per unit length of fiber in the z direction is

fo" fo2'rlfit- _ (o,._t,.+ (',,_,,) r dedr (27)
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The kinetic energy K/per unit length of fiber in the z direction ].

fo'['"l ( ) 'r1= _pl _(.I) ,ded, (28)

The total energy E! per unit length of fiber is, therefore,

El = ut + xl (20)

The energy E l given by eqn. (29) is a function of time. In ¢-der to obtain at single

nu merica| measure of energy, it is customary to average the energy E/over one time period

of the harmonic oscillation.The time._veragedenergy < E >l isdefi,.edby

< E >i= ; E/dt (30)

where

2_r
T = -- (3:)

td

When eqn. (17) and eqns. (23) through (29)are substitut¢:lintoeqn. (30),• long

algebraiccalculationgivesthe followingresultforthe time-averagedfiberenergy:

co 3

.'=_-ot p.t 2 t

+d_(Ic/a) -- ,]n-l(k/a)d_.,.'..(l:#_) _ (32)

where

#_= ,f1/2, _ =o (33)
t I, n= 1,2,...

and where the uter[skdenotesthe complex conjugate The derivlttlonofeqn. (32)requires

the complex variableidentity
I

Rd,} = i(, + _') . (3.i)

the trigononletric identieJ [5]

fo 2tr 7rco.nPcoemPdP= _6,.. (3,_)

6
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o2'_ sin .0 sin m8

and the Bessel function identities [6]

0 for n-0 or m-0 (36)_r6mn otherwise

_j.(kf,) = -_1J.+)(k1:) + _ J.(kt,) (37)

6 6 2rJ_(kt,)d_ = _ {J_(ks_)- J.-,(k1_)S.+,(kl_)} (38)

J"(ktr)J"+'(k'fr)dr- "_l _ l=,

J_(klr)dr = _-_ 1 + J2o(kya) + Jl(k/a) - 2 __. JICk]a) , n > 0 (40)
k=0

The quantity _m_ in eqns. (35) and (36) is the Kronecker delta.

Eqn. (32) is an expression for the total fiber energy per fiber len t h in the z direction.

In order to nondimenslonalize the fiber energy < E >I, consider an infinite uniform elastic

matrix containing only the incident SH wave given by eqns. (6) through (8), and consider

the time-averaged energy < E >m contained, per unit. length in the z direction, in the

reg_or_ 0 < r < a. By a calculation similar to the calculation leading to eqn. (32), the

time-averaged energy < E >m is

+J_(ka)-J...x(k.)J._,(k_)}+ .J2.(k.)]}

• whe_'e

(4Z)

D. ffi,.f (42)

A nondin,ensionai flb_,_ ,rgy < e >1 is now defined by

< e >/= -_ (43)
<E>m

The 6imension]eas quantity < e >1 gives a measure of the fiber energy relative to the

energy the matrix would contain if there werc no fiber present.
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By introducingthe nondimensionalparameters

rp= _ (44)
P

eqns.(43)and (tg}can be writtenas

<E>I
<e >),-- < E >,1

Cft --

respectively, where

"--'° " _" L 2 I,+J',,'(_k,,)--],-,C'_,,)J,,+_C'_k,,)J "' '/..
"2 _' - _(46)

_L[ a,,,.,(k,,)-
z"t=°"'rv'_" L = _, +J_(ka)- J._,(ka)J.+,(ka) j ' r,, ,j

)
r_,_lH(')(ka)J_('yka) - H_ '}' (ka)J,_('yk.) (47)

= - (48)
'1' \"J, I

From eqns. (46), (47)and (48)itcan be seenthatthe nondimensionalfiberenergy < e >/

depends only on the non dimeneionalparameters ka, rp and r_,.The parameter ka _ a

nondimensional wavenumber of the incidentwave, and can be writtenin terms of the

incident wavelength A_ as

or interms of frequencyas

21rG
k¢ -- m

A_

W{g

¢

The nondimensional fiber energy < e >/is plotted as a function of the nondimensionai

wavenumber Me in Fig. 2 for the numerical values rp = 2.0 sad r_ = 25.0. These numerical

values correspond to an E-glass fiber in a PMR (polyimide monomeric reactant} matrix

{TJ. In Fig. 3, the nondimensional fiber energy < e >/is plotted as a function of ka for the

nu,lerical values rp = 1.5 and r_, = 7.5. These numerical values correspond to a Celion

6000 fiber in a PMR matrix 17], The numet|ced values used to generate Fig. 3 are estimates

of the material properties of the graphite/epoxy composite used in 131. The infinite s_,.ries

in eqn. (46) are computed by truncating when the absolute value of the individual terms

becomes lessthan I0"'Iztimes the absolutevalueof the accumulated sum.
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DISCUSSION

In both Fig.2 and Fig.3, the nondimensional fiberenergy < e >I isapproximately

equalto one when/ca iscloseto zero,or,equivalently,when the wavelengthof the incident

wave islong compared to the fiberdiameter. This means that for longwavelengths,the

energyinthe fiberisapproximatelythe same as the energywhich would exist,ina uniform

matrix. In other words, the prmence of the fiberdoes not significantlyaffectthe energy

distributionforlongv_vele_gths.As ka becomes larger(or,equivalently,asthe wavelength

becomes smaller}the ene_'gyin the scatteredwave becomes larger,and the energy in the

fiberbecomes smallerthan the energy which would existin _he region0 < r < a in the

uniformmatrix.

The most interestingfeatura of Fig.2 and Fig.3 are the localmaxima in the values

of < • >I" For an incidentwave cont._.inlnga bload band ofwavenumber, the fiberenergy

willbe greatestat frequencies5correspondingto the valuesof ka where the localmazdma

occur. Ifthe fiberresponse could be measured, the localmaxima ,vouldappear in a

frequencyspectrum of the n_easuredresponse.Thus itissensible,at leastin thissimple

case,to suppose that certai_tfreque:_cycomponents ina measured responsemay contain

informationabout the fiber.

The incidentS.W.wave _sumed hereisindependentofthe spatialcoordinatez and so,

therefore,i_the displacementfieldin the fiber.Therefore,itisimpossible,inthisanalysis,

to discussthe issueof wav,spropagationalongthe fiberinthe z direction.The analysisof

an incidentwave.which hu a z component may allowconsiderationof wave propagation

alongthefiber.Equation'iwhich describethe scatteringand refractionofsuch an obliquely

incidentwave are given in [4].

CONCI.USIONS AND RECOMMENDATIONS

The purpose ofthisreportisto investigatethe transferofenergy to a singlefiberin

an infiniteelasticmatrix containingan incidentSH wave. An expressionisderlvedforthe

energyAn the fiber,and itisshown that the fiberenergy attainslocalmaxima at specific

valuesof the wavenumber of the incidentwave.

Future researchshould consMer the problems of incidentP and SV waves. As men-

tioned ab_Tve, an obliquely incident waw., may allow analysis of wave propagation along

.... , ,,L, I II II_ -



the _iber. Also, properties of the scattered wave given by eqn. (16) should be investigated,

since the scattered wave may De available for experimental measurement. It would be in-

teresting to see if the energy flux of the scattered wave has wavelength dependence similar

to the w_velength dependence of the energy of the fiber.
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